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Atomic and molecular gases

Bose-Einstein condensation

- Gross-Pitaevskii equation

- non-linear dynamics Quantum degenerate dilute
atomic gases of fermions and
K bosons
| 3
Rotating condensates % 5%
- vortices <

- fractional quantum Hall

Molecules

- Feshbach resonances Optical lattices
- BCS-BEC crossover - Hubbard models

- polar molecules :
- strong correlations
- exotic phases
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Quantum gases in optical lattices

Optical lattices

- properties of an optical lattice
- Bose-Hubbard model

Many-body theory

- Phase diagram
- Mean-field theory and effective theory
- 1D Bose-Hubbard model




Optical lattices




Interaction between light and atoms

- Hamiltonian between atoms and light:
dipole approximation

H = —dE(t,r)
- external —iw * W
laser field: E(t) = E,e” " + Eje™"
- rabi frequency: Q) = |(e|dE,|g)|/R
- detuning: A=w-— (Ee - Eg)/ﬁ

- AC Stark shift (change in the grounds
state energy due to coupling to excited state)

AE, = —a(w)|E,|?
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dynamical polarizability
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blue detuned:

- low field seeker

red detuned:

- high field seeker
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Interaction between light and atoms

- spontaneous emission: T°,

A
excited state has a finite life time fiw A A

due to spontaneous emission E. |e)

:
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- AC Stark shift :
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- loss of atoms from
the ground state

2 - limits life-time of a BEC in an
| Q7T optical lattice
T A2+T2/4

- requires large detuning
A>T,

- high laser power



Optical lattices

- a far-detuned standing laser wave provides
a periodic potential for the particles

Vix)=W cos(kx)2 ®
laser laser
e —
ﬁzkz a = ’\/2

- recoil energy: b, = I

- structure in 3D

E(t,r) = E E!, cos(k;r)e " + c.c.

k; : wave length fixed by
the atomic transition

w; - slightly different frequencies ::> _ L e\ 2
to cancel cross terms V(x) Z V; cos(k;r)
2

Ei . polarization as additional
(I‘
degree of freedom



Optical lattices
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Optical lattices

3D, 2D and 1D optical lattices

- dimensional crossover

Lattice geometries
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Optical lattices

Tricks with 2D optical lattice

J. Sebby-Strabley, M. Anderlini, P.S. Jessen,

V(x) =W [cos(k:z)2 + cos(ky)z]
and J.V. Porto, Phys Rev. A 73, 033605 (2006)

- in plane polarization
- cross terms disappear

LM
o -
aptical ﬂar.cfﬁm
(Glan Thompson NN — 3 . 2
polarizer k2 N V(X) - Vb [COS(}CJL') + C%(ky)]
o\ SRS W
% 34 e e— / - polarization along z-axes
ki | kg ke D17 - lattice with cross terms

optical

fiber half wave =
plate ) =
by >

- combined lattice
- lattice of double wells




Many body Hamiltonian




Microscopic Hamiltonian

Many-body Hamiltonian

- pseudo-potential approximation

- field operator ¥(z), "PT(-T)

2
H= [t047(@) (~5-04V(@) ) 6@+ 5 [da vt @0 @
optical ; 47 52(1, s : interaction strength of

|lattice g=—— the Pseudo potential
m

Derivation of effective low energy theory:
D. Jaksch, C. Bruder, J. I. Cirac, C. W. Gardiner,
and P. Zoller, Rev. Lett. 81, 3108 (1998)

(i) Solve the single particle problem in
an optical lattice Hubbard model for
Fermions and bosons

(i) Add the interaction as perturbation



Magnetic Feshbach resonance
AU(7)

closed channel
Feshbach resonances

- two interal states of the atoms:
n | - open channel
open channe - closed channel (only virtually excited)

Scattering length (1000 a,)

?‘/ao - bound state close to the continuum of the
open channel

- tuning of the energy of the molecular state via
magnetic field or Raman transition

Av
(Grimm et al., 03) —
Qg = as(1 + )
10 . — : €
’ i E — Ercs

5 I

o. i | Av : width of the resonance
5} E / y—F— Ercs : detuning
-10 :

600 800 ‘ 1000 1200
Magnetic field (G)



Single particle problem

Hamiltonian
lattice vector

- particle in a periodic potential ;

2

H = P +V(r) Vir+R;)=V(r) Vo = 10E,
2m \/
\—’//

- Bloch wave functions

30

E/E
r

¢n,k (I‘) — 62‘krun,k (I‘)

E., (k) : energy dispersion n

. quasi momentum within
first Brillouine zone

k

10+

- BIOCh theorem 95 04 w03 02 o1 0 01 02 03 04 05

d(r + R;) = e™"¢(r) q



Wannier functions

Wannier functions

- localized wave function at
each lattice site

wn(r—Ri) = / —e " tan,k(r)
Vo
- not uniquely defined

Strong optical lattice

- approximation as harmonic
wave functions |z| < a

1
w(z) =~ wl/zageXp ——

B A B h4 1/4
e mwy \m2VHE,

- different behavior on long distances Lt

30



Microscopic Hamiltonian

Hubbard model creation/annihilation
% operator for particles at
site iin band n

- express the bosonic field operator

in terms of Wannier functions zb(r Z Wn (I‘ ” ;i

7 \TL
h? g
H= [0 4(@) (~5-0+V(@)) ¥0)+5 [do 0 @v @b(a(a)

- restriction to lowest bloch bands
- only largest terms

Hyy=—J ) blbj+ — bebfb b;

(27)
hopping energy interaction energy

AR AN



Bose-Hubbard Model

Bose-Hubbard model (risher et al PRB 81)

How=—J Y blb;+ g > " blblbibs — > piblbs
(i) i i

hopping energy interaction energy chemical potential

and trapping
/\ﬂ/\ oo
® ®

Coupling parameters in 1D

\ J/E;
- onsite-interaction
. U/E;
U= vV 2/7(' ﬁLLJ_L a—
0 0.6

- hopping energy

4 1A% 24/ V/E
J pum— ﬁ VEY‘ (E) € 0.2

- validit VA E
y U < Fiw, 0/ r




Bose-Hubbard Model

Weak interactions

- the mixing of different Bloch-bands
is suppressed for weak interactions

U < hwy <:> s < ag

Next-nearest-neighbor hopping

- small in the tight binding limit, but have to be
included fore weak opitcal lattices

Vo S Er

Nearest-neighbor interaction

- nearest-neighbor interactions are present, but

are suppressed due to the decay of the wannier
functions

Ui~ [ drfu) Pl - Ro)

U a/(Er as)

1071

—_ U00 Onsite

—— U00 Neighbour (0001)

A U00 Neighbour (0101)
- U01 Onsite

L i 1 1 Il
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Energy scales

Characteristic parameters

- wave length 0 4 ¢
B =" oxH

A ~ 1000nm r= o2 z
- lattice spacing I:l'> ~ 430nK

a ~ 500nm

U=~ 0.5E,

- temperatures J=~0—-0.5E,

Thee = 1uK

:T:nin ~ an

(1Hz = 50pK)

Exchange coupling

- anti-ferromagnetic coupling
in a fermionic Hubbard model
- effective interaction can

2
/XJ /U : become extremely small
. - extremely challenging for
v/ temperature and stability



Phase diagram

Superfluid J>U

- weakly interacting Bose-Einstein condensate

N

¢BE(: ~ Zb:r |0>

- linear excitation spectrum
- off-diagonal long-range

(W (r)¥'(0)) — no
Mott insulator 7, g
- commensurate filling

- zero temperature phase
- fixed particle number per lattice site

Priore = H bI |0>

A~U

- excitation gap

- delocalized atoms
- poisson statistic for number
of atoms per lattice site

- localized particles
- integer particles per lattice site



Phase diagram

Quantum phase transition
u/U}

Mott insulator n

Superfluid

- long-range order
- finite superfluid stiffness
- linear excitation spectrum

- commensurate filling
- gapped phase
- incompressible

Mean-field theory (g = o)
3
" = SF
- critical value 2 MIng=

- j 6{-
2 . ‘ -

Uu/J =2z (n +vVn+ 1) 2 Sus Oging
ol pimmt e .
- qualitative correct even at 1 -
low dimensions L (a)) ®
R TR

. ) Mlny=1 (e {d)
- no particle-hole fluctuations 0 ! :
0 0719 1 J [

in the Mott insulator



Experiments

Long-range order:

(Greiner et al., 02)

Structure factor

(c) 3D

8(1.3)
Potential 10 (2.6)
Depth 12 (4.9)
(E] 14(8.7)
(U IJ] 16(15)
18 (24)\ . . |
0 1 2 3 4 5 B
Modulation Freqguency [kHz]

(Esslinger et al., 04)

Disappearance of coherence for
strong optical lattices (Greiner et al. ‘02)

vV
E>13

Appearance of well defined
two particle excitations



Mean-field theory




Bose-Hubbard Model

Bose-Hubbard model (risher et al PRB 81) n; = b;-rbi
S U 3 3
Hey = —J bib.?'“"E T; (ni—l)—u n;
(i3) i i
hopping energy interaction energy chemical potential

Mean-field ansatz: number of particles

% is not fixed
- mean-field value: w — (b,&)

- small fluctuations bz — Q/) + (bz — ¢)

around mean field:

local Hamiltonian

bib; = 1*b; + bl — |)? — Hou =Y H,



Mean-field theory

number of
nearest-neighbors

Local Hamiltonian

W

U
H?; = —2zJ (t,b*bz - 'l,bb;' — |’¢|2) -+ Enz (nz — ].) — UN;

- ground state is a product state
local density

p = H D; 2 matrix
()

Y = (bs)

- self-consistency

Long-Range order
condensate

- order parameter // density
T

- mean-field result

(bz'b;r-) = |[¢|* =nq

- zero-temperature

pi = |F){f
) =) f(n)n)

- the mean-field breaks
the U(1) symmeWy

- order parameter of the quantum
phase transition



Mean-field theory

Mott Insulator

. : & & & &
- localized particles

- integer particles

per lattice site “mean-field” Mott insulator
1) = |no)
/\e
- realistic Mott-Insulator @ ® &

has particle-hole fluctuations

particle-hole fluctuations

Superfluid phase

- off-diagonal long range order
p#0

- weak interactions:
- locally a coherent state
- condensate involves
all particles

f) = exp (—|¥]*/2) exp (yb)



Mean-field theory

Phase transition

‘l
- appearance of w ?é 0 "‘

long-range order

- Ansatz across the transition .

1f) = V1 —2€e%|no)

+e (e*|ng—1)+e*|ng + 1)) \f\/ "

Y = 2e*%ey/1 — 2¢2

- energy

PO = -2 (v + v 1) o2 + Bl

—

phase transition at the
change of the sign




Phase diagram

Quantum phase transition

- critical value

=z('n,+\/n+l)2

S—MI

U/J

- qualitative correct even at 3
low dimensions D [MI no =
- no particle-hole fluctuations ﬂ‘c
in the Mott insulator

0 0.719 1 J ]



Effective field theory




Effective field theory

" : propagator in 1tH gy
Partition function . aginary fime U = exp (_ - )
- Zs = Tr [exp (— ;H) b=—r

- path integral formulation

Zy = /’D b;(7)]| D [bl(?‘)] exp (— /OI/T dTEB)

- Lagrangian of the Bose-Hubbard model

U
Lo=), [b:! Orbi — pub;bi + - bib] bz'b«z:] —J % (8105 + b8}

=Y b} 0:b; + Hy,

opposite sign due to
imaginary time



Effective field theory

Hubbard Stratonovich Transformation

- Decoupling of the non-local term

non-local J (i,7)
hopping term Ai,j = 0 else

1/T T
exp / dr » b;A; b,
. Z 793

t,J

_ f D [i(r)] D [ (7)] exp (— /0 ar {Z WA 0 = (wibl + 9] ”i)} )

4 g

effective field: order parameter quadratic term local term



Effective field theory

Integrating out the bosons

Lo=Lo— Y |wibl +vlbs] + 3 wla;tv
%]

;2

- local theory

U
Lo = Z [b}f 0.b; — ublb; + Ebl b}bz-bz}
- Greens function

G(iws) = —<Tq-b,,;(7')b;.r (0)) = no + 1 o

iws + . — Ung —iws—i—u—U(no—l)



Effective field theory

Effective theory

- continuum limes

1/T
Zy = /D (7, x)] [T (7,%)] exp (_/0 dr £B)

- lagrangian

Lo = Zuﬂa T)¢Z+Zw*A i+ O([y]*)

~ /dx (K1910,9 + K| 0,9 + K3|VY|* + rly|* +uly|* +.. ]

1
- symmetry:
change of sign determines
phase transition



Effective field theory

Tip of the Lobe:

- density is continous
- leading term vaishes K7 = (
- relevant dynamics

K2|8,-1,b|2

J/U - universality class of the O(2)
quantum rotor model

Lobe boundary:

- change in particle density :: Bose-Einstein condensation of excitations

- relevant dynamics (particles/holes) above the Mott insulator

Kl?pfa?.l(p ® : ® ®

- universality class _
of the dilute Bose-gas particles

holes



Quantum phase transition
in cold gases

- optical lattices
- realization of the Bose-Hubbard
model

Description of the
Bose-Hubbard model

- mean-field theory
- effective theory

- 1D system

Conclusion

V/E,A

Wie




Bose-Hubbard model in 1D




Why one dimension?

Interaction potential

- pseudo potential in 1D
V(z) = gé(z) = 2hw ad(x)

- interaction strength
Eint _ mg
Ekin }3’2”

’}’:

- homogoneous system is exactly
solvable (Lieb and Liniger)
v & 1 : weakly interacting bosons
- mean field theory
- Bogoliubov theory

—>

¥ > 1 : Tonk gas limit

- increased fluctutations in 1D
- strongly interacting regime



Bose-Hubbard model Vo > B,

Kuhner and Monien, ‘98
10— T T T

I « Mean field (Krauth et al., '92) M/Uo.s
ULy =2 (nenel) =117 ]
n = 9) S-MI n=1
» With fluctuations (Kiihner et al., '98) 4T M
n=1 Lin=1 D
u/Jl,,, =2C~=3.8 o bt e
J/U ¥ 0.2 0.3J/U
* Transition line in the vy -V phase diagram
U oy 4J2rn C\V/E,

Y

V/E,
Mapping to the Bose-
W= e - Hubbard model not valid.

10

Superfluid
What happens in the strongly

interacting Bose gas?




Hamiltonian

= fds [w + (x)(—%MV(x))w ()+ S (W™ (ep () ()

* interaction strength =2hw..a — E
g T™"s Y 2
\/\ nh
scattering length
« external potential
)
V(x)=Vsm (kx) + V., (x) S /N o
272 ~ NV
E = nk recoil energy A = k/Zﬂ;
" 2m
Sine Gordon Superfluid to Mott insulator quantum Bose-Hubbard
el phase transition el
Vo < E, Vo > E,

e AN



Hydrodynamic description Vo S Br

+ Bosonic field operator in terms of a long-wavelength
density- and phase-field operator 8 and ¢ (Haldane, '81)

commutation relation

¥(z) ~ \/n + 0:0/m exp(i¢) \r—[¢ (x),0,0]=imd (x-)

« Hamiltonian (without optical lattice)

H, =%fdx[vj (0.0 )2 +v, (9.6 )2]

superfluid stiffness inverse compressability
v, =nhn/m vy =0, W/nh
(Lieb and Liniger,’63)
* quasi long-range order KA

o)

<¢($)¢T(0)) ~ lxl_I/ZK'\S\K = VJ/VN

* sound velocit _
y Ve =AYV, VN

(1+2/y )2

>

U
oS
W

Ye )



Optical lattice %S E;

« Taking into account the discrete nature of the particles
(Haldane, ’81)

9.0
w 0
n(x)=[n+axe/n]{l+22c:os(2se +25ﬂ:nx)} n{
s=1
. ~ _J X >
an~1/mn
* Interaction V 4t x
Hamiltonian H, = Efdxn(x COST
Reduction to the 1 _
relevant term Commensuration
0=2n (n -2/\)
* Perturbation from a Vn

weak optical lattice HV = 7fdx COS [2@ (x)+ Qx]



Sine-Gordon model

[K(a o) +—(a o) —%6 0 +a—cos(26)

- Three parameters

Measures strength of fluctuations
K (Y ) — in the density field 0

Induces a shift in the chemical

0 =2n (n _ 2/;\) - 5 potential and drives the system
away from commensurability

U = naznV/2hvS — 5 Strength of the optical lattice

- Exactly solvable field theory

* massive spinless fermions
U(1) symmetric Thirring model in a magnetic field

(Coleman, '75; Wiegmann, ’78; Japardize et al., '84;
Pokrovsky et al., ’79; Kehrein, '99)
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Phase diagram 4

Commensurate density

Tonks gas limit
Wlth Y Y .o

Commensurate-incommensurate
transition at fixed V



Phase diagram

Commensurate density Q=0

« Instability in the sine-Gordon model (Coleman, °75)

V.(v)

Kc(y)=2

!

Y.=3.5

SF

1y

- Kosterlitz-Thouless universality class

K, (u)=2(1+u)

!

V.(y)=E (v -v.' )55



Phase diagram

Tonks gas y — o

v/

E

V.=2hv QO

/2

0

Zn/k K

V/E,

+ The bosons wave function maps to the wave

function of free fermions in periodic potential
(Girardeau,’60)

« At commensurate filling the fermions are a

standard band insulator with a single particle

B aA=v)2

L\

) /2

0 275/)» K



Quantum phase transition
in cold gases

- optical lattices
- realization of the Bose-Hubbard
model

Description of the
Bose-Hubbard model

- mean-field theory
- effective theory

- 1D system

Conclusion

V/E,A

Wie




